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Àííîòàöèÿ
Â ñòàòüå ïðåäëàãàåòñÿ âàðèàíò íåêîíîðìíîãî ìåòîäà êîíå÷íûõ ýëåìåíòîâ àïïðîêñè-
ìàöèè ìíîãîìåðíûõ ñèììåòðè÷íûõ ñèñòåì óðàâíåíèé ïåðâîãî ïîðÿäêà ãèïåðáîëè÷åñêîãî
òèïà. Ïðè êîíñòðóèðîâàíèè ñåòî÷íûõ ñõåì ïðèìåíÿåòñÿ ïîäõîä, ïðåäëîæåííûé ðàíåå
äëÿ ñêàëÿðíîãî óðàâíåíèÿ êîíâåêöèè-äèóçèè, îñíîâàííûé íà àïïðîêñèìàöèè àë¼ðêè-
íà Ïåòðîâà ñìåøàííîé ïîñòàíîâêè èñõîäíîé çàäà÷è, ó÷èòûâàþùèé íàïðàâëåíèå êîíâåê-
òèâíîãî ïåðåíîñà. Èñïîëüçîâàíèå òàêîãî ïîäõîäà ïîçâîëèëî ïðè àïïðîêñèìàöèè ñèñòåì
óðàâíåíèé ó÷åñòü ëîêàëüíûå íàïðàâëåíèÿ õàðàêòåðèñòèê, à òàêæå ñîõðàíèòü îñíîâíûå
ñâîéñòâà ïðîñòðàíñòâåííîãî îïåðàòîðà èñõîäíîé çàäà÷è.
Äîêàçàíà óñòîé÷èâîñòü ñõåìû ìåòîäà ïðÿìûõ, äâóõñëîéíîé ñõåìû ñ âåñàìè äëÿ ñìå-
øàííîé ãðàíè÷íîé çàäà÷è.
Êëþ÷åâûå ñëîâà: ãèïåðáîëè÷åñêèå ñèñòåìû óðàâíåíèé, ñåòî÷íûå ñõåìû, ìåòîä êî-
íå÷íûõ ýëåìåíòîâ, ðàçíîñòíûå ñõåìû ñ âåñàìè.
Ìåòîäàì ïîñòðîåíèÿ ñåòî÷íûõ ñõåì äëÿ ëèíåéíûõ è íåëèíåéíûõ ãèïåðáîëè÷å-
ñêèõ ñèñòåì óðàâíåíèé è èõ ðåøåíèþ óäåëÿåòñÿ áîëüøîå âíèìàíèå. Ýòî ñâÿçàíî
ñ áîëüøèì êîëè÷åñòâîì ïðèëîæåíèé äëÿ òàêèõ óðàâíåíèé. Ïðè êîíñòðóèðîâàíèè
÷èñëåííûõ ìåòîäîâ èñïîëüçóþòñÿ ðàçëè÷íûå ïîäõîäû (ñì., íàïðèìåð, [1℄ è èìåþ-
ùóþñÿ òàì áèáëèîãðàèþ), êîòîðûå ïîçâîëÿþò ñòðîèòü ñåòî÷íûå ñõåìû, âîñïðî-
èçâîäÿùèå ðàçëè÷íûå îñîáåííîñòè ðåøåíèé ýòèõ óðàâíåíèé.
Â íàñòîÿùåé ðàáîòå ïðåäëàãàåòñÿ ìåòîä ïîñòðîåíèÿ ñõåì ñêâîçíîãî ñ÷¼òà
äëÿ ìíîãîìåðíûõ ãèïåðáîëè÷åñêèõ ñèñòåì ëèíåéíûõ óðàâíåíèé ïåðâîãî ïîðÿä-
êà â ïðåäïîëîæåíèè èõ ñèììåòðèè. Ìåòîä ïîñòðîåíèÿ ñåòî÷íûõ ñõåì äëÿ òàêèõ
ñèñòåì óðàâíåíèé îñíîâàí íà èñïîëüçîâàíèè ïðåäëîæåííîãî â [2℄ ìåòîäà àïïðîê-
ñèìàöèè ñêàëÿðíîãî óðàâíåíèÿ êîíâåêöèè-äèóçèè. Èñïîëüçîâàíèå ïðåäåëüíîé
àïïðîêñèìàöèè àë¼ðêèíà Ïåòðîâà ñìåøàííîé ïîñòàíîâêè èñõîäíîé çàäà÷è ïîç-
âîëèëî ó÷åñòü íàïðàâëåíèå êîíâåêòèâíîãî ïåðåíîñà. Ïðè àïïðîêñèìàöèè ñèñòåì
óðàâíåíèé òàêîé ïîäõîä åñòåñòâåííûì îáðàçîì ïîçâîëÿåò ó÷èòûâàòü ëîêàëüíûå
íàïðàâëåíèÿ õàðàêòåðèñòèê, à òàêæå ñîõðàíÿòü îñíîâíûå ñâîéñòâà ïðîñòðàíñòâåí-
íîãî îïåðàòîðà èñõîäíîé çàäà÷è. Ïðåäëîæåííûå çäåñü ñåòî÷íûå ñõåìû ÿâëÿþòñÿ
âàðèàíòîì íåêîíîðìíîãî ìåòîäà êîíå÷íûõ ýëåìåíòîâ, â êîòîðîì ïðèáëèæ¼ííîå
ðåøåíèå èùåòñÿ â ïðîñòðàíñòâå êóñî÷íî-ïîëèíîìèàëüíûõ óíêöèé, äîïóñêàþùèõ
ðàçðûâû íà ãðàíèöàõ ýëåìåíòîâ òðèàíãóëÿöèè.
Ïîñòðîåííûå â ðàáîòå ñåòî÷íûå ñõåìû âêëþ÷àþò â ñåáÿ êàê ÷àñòíûé ñëó÷àé
èçâåñòíûå ïðîòèâîïîòîêîâûå ñõåìû ïåðâîãî ïîðÿäêà òî÷íîñòè è ÿâëÿþòñÿ åñòå-
ñòâåííûì îáîáùåíèåì íà ñëó÷àé ãèïåðáîëè÷åñêèõ ñèììåòðè÷íûõ ñèñòåì èçâåñò-
íûõ ðàçðûâíûõ ëîêàëüíûõ ñõåì ìåòîäà àë¼ðêèíà (ñì. [35℄ è öèòèðîâàííóþ òàì
ëèòåðàòóðó).
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1. Ïîñòàíîâêà çàäà÷è è ïîñòðîåíèå
ïîëóäèñêðåòíîé ñõåìû äëÿ çàäà÷è Êîøè
àññìîòðèì çàäà÷ó îá îïðåäåëåíèè âåêòîð-óíêöèè u : Rn × [0, T ] 7→ Rm ,
m ≥ 1 , óäîâëåòâîðÿþùåé óðàâíåíèþ
∂Bu
∂t
+
n∑
i=1
∂
∂xi
(
A(i)u
)
+ Cu = f , x ∈ Rn, t ∈ (0, T ] (1)
ñ íà÷àëüíûì óñëîâèåì
u(x, 0) = u0(x), x ∈ R
n, (2)
Áóäåì ïîëàãàòü, ÷òî B(x, t) , C(x, t) , A(i)(x, t) , i = 1, . . . , n , ÿâëÿþòñÿ âåùåñò-
âåííûìè íåïðåðûâíî äèåðåíöèðóåìûìè m×m ìàòðèöàìè, ïðè÷¼ì ìàòðèöà B
ïðåäïîëàãàåòñÿ ñèììåòðè÷íîé è ïîëîæèòåëüíî îïðåäåë¼ííîé. Áóäåì òàêæå ïîëà-
ãàòü, ÷òî ïðè ëþáîì ξ ∈ Rn ìàòðèöà
A(ξ) =
n∑
i=1
A(i)ξi ≡ A ◦ ξ (3)
ÿâëÿåòñÿ ñèììåòðè÷íîé, ÷òî îáåñïå÷èâàåò ãèïåðáîëè÷íîñòü ñèñòåìû óðàâíåíèé (1).
Óêàæåì ñïîñîá ïîñòðîåíèÿ ñåòî÷íîé àïïðîêñèìàöèè çàäà÷è (1), (2). Ïðè ýòîì
áóäåì èñõîäèòü èç èíòåãðàëüíîãî òîæäåñòâà:
∫
ω
∂Bu
∂t
· η dx−
∫
ω
n∑
i=1
A(i)u ·
∂η
∂xi
dx =
∫
ω
(f − Cu) · η dx, (4)
ñïðàâåäëèâîãî äëÿ ëþáîé îãðàíè÷åííîé îáëàñòè ω ⊂ Rn è ëþáîé íåïðåðûâíî äè-
åðåíöèðóåìîé â ω âåêòîð-óíêöèè η òàêîé, ÷òî η|∂ω = 0 .
Äëÿ ñîêðàùåíèÿ çàïèñè ïðè âûâîäå ñåòî÷íûõ óðàâíåíèé áóäåì ïîëàãàòü, ÷òî
ìàòðèöû A(i) , i = 1, . . . , n ïîñòîÿííû, à ìàòðèöà C è âåêòîð f ðàâíû íóëþ.
×àñòíûì ñëó÷àåì èçó÷àåìîé ñèñòåìû óðàâíåíèé ÿâëÿåòñÿ ðèìàíîâ ñëó÷àé, êî-
ãäà ñèñòåìà óðàâíåíèé (1), áëàãîäàðÿ ââåäåíèþ íîâûõ ïåðåìåííûõ, ðàñïàäàåòñÿ
íà ñèñòåìó íåçàâèñèìûõ ñêàëÿðíûõ èëè ñëàáîñâÿçàííûõ óðàâíåíèé. Åñòåñòâåííî
òðåáîâàòü, ÷òîáû ñåòî÷íàÿ ñõåìà, ïîñòðîåííàÿ äëÿ ñèñòåì óðàâíåíèé îáùåãî âèäà,
ïðè ýòîì òàêæå ïðèâîäèëà ê óñòîé÷èâûì àïïðîêñèìàöèÿì ñîîòâåòñòâóþùèõ óðàâ-
íåíèé.
Óêàçàííûé ñëó÷àé ñîîòâåòñòâóåò ïîïàðíîé ïåðåñòàíîâî÷íîñòè ìàòðèö A(i) ,
i = 1, . . . , n . àññìîòðèì åãî. Èçâåñòíî, ÷òî â òàêîì ñëó÷àå ñóùåñòâóåò îðòîãîíàëü-
íàÿ ìàòðèöà Q , ÷òî
Λ(i) = QA(i)QT , i = 1, . . . , n, (5)
ãäå Λ(i)  äèàãîíàëüíûå âåùåñòâåííûå ìàòðèöû. Èõ äèàãîíàëüíûå ýëåìåíòû λ
(i)
α ,
α = 1, . . . ,m , ÿâëÿþòñÿ ñîáñòâåííûìè ÷èñëàìè ìàòðèö A(i) .
Ó÷èòûâàÿ (5), çàïèøåì èíòåãðàëüíîå òîæäåñòâî (4) ñëåäóþùèì îáðàçîì:
∫
ω
∂Bu
∂t
· η dx−
∫
ω
n∑
i=1
Λ(i)(Qu) ·
∂(Qη)
∂xi
, dx = 0. (6)
Ââåä¼ì îáîçíà÷åíèÿ r = Qu äëÿ ïåðåìåííûõ èìàíà, à òàêæå q = Qη äëÿ
ïðîáíûõ óíêöèé. Òîãäà (6) çàïèøåòñÿ â âèäå
∫
ω
∂Bu
∂t
· η dx−
m∑
j=1
∫
ω
rjvj · ∇qj dx = 0, vj = (λ
(1)
j , . . . , λ
(n)
j ). (7)
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Àïïðîêñèìèðóåì òîæäåñòâî (7). Çàìåòèì, ÷òî êàæäîå ñëàãàåìîå ïîä çíàêîì
ñóììû â ýòîì òîæäåñòâå ñîîòâåòñòâóåò êîíâåêòèâíîìó ñëàãàåìîìó â ñêàëÿðíîì
óðàâíåíèè (1) [2℄ (ñì. òàì æå (4)). Âîñïîëüçóåìñÿ ìåòîäèêîé ðàçäåëüíîé àïïðîê-
ñèìàöèè ñëàãàåìûõ, ïðåäëîæåííîé â óêàçàííîé ðàáîòå.
Àíàëîãè÷íî [8℄ ïîñòðîèì â Rn êîíîðìíóþ òðèàíãóëÿöèþ Th . ×åðåç K óñëî-
âèìñÿ îáîçíà÷àòü ýëåìåíòû òðèàíãóëÿöèè, ÷åðåç eK  ãðàíèöû ýëåìåíòîâ K . Ïðè-
áëèæ¼ííîå ðåøåíèå uh çàäà÷è áóäåì èñêàòü â ïðîñòðàíñòâå V
m
h = Vh×Vh×· · ·×Vh
êóñî÷íî-ïîëèíîìèàëüíûõ, âîîáùå ãîâîðÿ, ðàçðûâíûõ óíêöèé, ãäå
Vh = Vh,k ≡ {ηh ∈ L∞(R
n) : ηh|K ∈ Pk(K), K ∈ Th},
Pk(K)  ïðîñòðàíñòâî ïîëèíîìîâ ñòåïåíè íå âûøå k ïî êàæäîé ïåðåìåííîé íà ýëå-
ìåíòå K . ×åðåç ωh áóäåì îáîçíà÷àòü ïðîèçâîëüíóþ êîíå÷íóþ ÷àñòü òðèàíãóëÿöèè
Th , ÷åðåç
◦
V h  ïîäïðîñòðàíñòâî óíêöèé èç Vh , ðàâíûõ íóëþ âíå ωh .
Â ñîîòâåòñòâèè ñ [2℄ òîæäåñòâî, àïïðîêñèìèðóþùåå (7), áóäåò èìåòü âèä
∫
ωh
∂Buh
∂t
· ηh dx+
∑
K∈ωh
[
−
m∑
j=1
∫
K
rj,hvj · ∇qj,h dx+
+
∑
eK
m∑
j=1
∫
eK
rj,h(vj · ν)
+(qj,h − qj,h|K′) dx
]
= 0 ∀ ηh ∈
◦
V
m
h , ∀ ωh ⊂ Th, (8)
ãäå K ′  ýëåìåíò ωh , ñìåæíûé ñ K ÷åðåç ñòîðîíó eK , ν  âíåøíÿÿ íîðìàëü ê eK
ñî ñòîðîíû ýëåìåíòà K , v± = (|v| ± v)/2  ïîëîæèòåëüíàÿ è îòðèöàòåëüíàÿ ÷àñòè
óíêöèè v.
Ó÷èòûâàÿ ñâÿçü rh = Quh è qh = Qηh , ïåðâûå ñëàãàåìûå â êâàäðàòíûõ ñêîá-
êàõ (8) çàïèøåì â âèäå
m∑
j=1
∫
K
rj,hvj · ∇qj,h dx =
∫
K
n∑
i=1
A(i)uh ·
∂ηh
∂xi
dx. (9)
Ââåä¼ì â ðàññìîòðåíèå ìàòðèöó
A+ν = Q
TΛ+ν Q,
ãäå Λ+ν = diag((v1 · ν)
+, . . . , (vm · ν)
+) , òîãäà âòîðîå ñëàãàåìîå â êâàäðàòíûõ ñêîá-
êàõ (8) ïðèìåò âèä
∑
eK
m∑
j=1
∫
eK
rj,h(vj · ν)
+(qj,h − qj,h|K′) dx =
∑
eK
∫
eK
A+ν uh · (ηh − ηh|K′) dx. (10)
Äëÿ ñèììåòðè÷íîé m × m ìàòðèöû C = CT ïîñòðîèì ñïåêòðàëüíîå ðàçëî-
æåíèå C = T TΛT , ãäå Λ = diag(λ1(C), . . . , λm(C)) , λi(C)  ñîáñòâåííûå ÷èñëà
ìàòðèöû C , T T = T−1 . Ââåä¼ì â ðàññìîòðåíèå ìàòðèöû C± = T TΛ±T , ãäå Λ± =
= diag(λ±1 (C), . . . , λ
±
m(C)) . Ñîîòâåòñòâåííî, îïðåäåëèì ìàòðèöó |C| = C
+ + C− .
ßñíî, ÷òî ïîñòðîåííûå òàêèì îáðàçîì ìàòðèöû íåîòðèöàòåëüíû, ñèììåòðè÷íû è
C = C+ − C− .
Íåòðóäíî âèäåòü, ÷òî
A+ν = A(ν)
+ =
( n∑
i=1
A(i)νi
)
+ = (A◦ν)+.
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Ñ ó÷¼òîì (9), (10) òîæäåñòâî (8) çàïèøåòñÿ â âèäå
∫
Th
∂Buh
∂t
· ηh dx+
∑
K∈Th
[
−
∫
K
n∑
i=1
A(i)uh ·
∂ηh
∂xi
dx+
∫
K
Cuh · ηh dx+
+
∑
eK
∫
eK
(A◦ν)+uh · (ηh − ηh|K′) dx
]
=
∫
Th
f · ηh dx ∀ ηh ∈
◦
V
m
h , ∀ ωh ⊂ Th. (11)
Ïîä ðåøåíèåì ñåòî÷íîé ñõåìû ìåòîäà ïðÿìûõ äëÿ çàäà÷è Êîøè äëÿ óðàâíå-
íèÿ (1) ñ íà÷àëüíûì óñëîâèåì (5) áóäåì ïîíèìàòü âåêòîð-óíêöèþ uh ∈ V
m
h ïðè
ëþáûõ ηh ∈
◦
Vmh , ωh ⊂ Th , óäîâëåòâîðÿþùóþ òîæäåñòâàì (11) è∫
Th
(uh − u0) · ηh dx = 0 ∀ηh ∈
◦
V
m
h , ωh ⊂ Th, t = 0. (12)
Òàêóþ ïðèáëèæ¼ííóþ ïîñòàíîâêó áóäåì èñïîëüçîâàòü êàê â ðèìàíîâîì ñëó÷àå,
êîãäà ìàòðèöû A(i) ïåðåñòàíîâî÷íû, òàê è â îáùåì ñëó÷àå, êîãäà îòíîñèòåëüíî
ìàòðèöû A(ξ) , îïðåäåë¼ííîé ðàâåíñòâîì (3), ïðåäïîëàãàåòñÿ ëèøü ñèììåòðè÷-
íîñòü ïðè ëþáîì ξ ∈ Rm , âêëþ÷àÿ ñëó÷àè, êîãäà ìàòðèöû B , A(i) , i = 1, 2, . . . , n ,
çàâèñÿò îò ïåðåìåííûõ x è t .
Îòìåòèì, ÷òî íàèáîëåå áëèçêèìè ê ïðåäëàãàåìûì çäåñü ñõåìàì ÿâëÿþòñÿ âàðè-
àíòû ñõåì ðàçðûâíîãî ìåòîäà àë¼ðêèíà äëÿ ñèñòåì Ôðèäðèõñà [6℄, à òàêæå ñõåìû ñ
èñïîëüçîâàíèåì ÷èñëåííûõ ïîòîêîâ Âèäæàéÿñóíäàðàìà (Vijayasundaram) (ñì., íà-
ïðèìåð, [7,  2.4℄ è ïðèâåä¼ííóþ òàì áèáëèîãðàèþ), ïðèìåíÿåìûå äëÿ ÷èñëåííîãî
ðåøåíèÿ íåëèíåéíûõ ãèïåðáîëè÷åñêèõ ñèñòåì óðàâíåíèé.
2. Ñõåìà ìåòîäà ïðÿìûõ äëÿ ñìåøàííîé êðàåâîé çàäà÷è
Ïóñòü Ω  ìíîãîóãîëüíàÿ îáëàñòü â Rn ñ ãðàíèöåé Γ . àññìîòðèì çàäà÷ó î íà-
õîæäåíèè âåêòîð-óíêöèè u : Ω× [0, T ] 7→ Rm, ÿâëÿþùåéñÿ ðåøåíèåì óðàâíåíèÿ
∂Bu
∂t
+
n∑
i=1
∂
∂xi
(
A(i)u
)
+ Cu = f , x ∈ Ω, t ∈ (0, T ] (13)
ñ ãðàíè÷íûì óñëîâèåì
(A◦ν)−u = 0, x ∈ Γ−(t) = {x ∈ Γ : (A◦ν)− 6= 0}, t ∈ (0, T ], (14)
ãäå ν  âíåøíÿÿ íîðìàëü ê ãðàíèöå Γ , è ñ íà÷àëüíûì óñëîâèåì
u(x, 0) = u0(x), x ∈ Ω. (15)
Ïîñòðîåíèå ñõåìû ìåòîäà ïðÿìûõ ïðîâåä¼ì óêàçàííûì âûøå ñïîñîáîì, ïóò¼ì
àïïðîêñèìàöèè èíòåãðàëüíîãî òîæäåñòâà
∫
Ω
∂Bu
∂t
· η dx−
∫
ω
n∑
i=1
A(i)u ·
∂η
∂xi
dx +
∫
Γ
(A◦ν)+u · η dx =
∫
Ω
(f − Cu) · η dx, (16)
ñïðàâåäëèâîãî äëÿ ëþáîé äîñòàòî÷íî ãëàäêîé âåêòîð-óíêöèè η ∈ Rm .
Ïóñòü, êàê è ðàíüøå, Th  êîíîðìíàÿ òðèàíãóëÿöèÿ îáëàñòè Ω ñ ãðàíèöåé
Γh , ñîãëàñîâàííîé ñ ãðàíèöåé Γ , K  ýëåìåíòû òðèàíãóëÿöèè, eK  ãðàíèöû ýëå-
ìåíòîâ,
Vh = Vh,k ≡ {ηh ∈ L∞(Ω) : ηh|K ∈ Pk(K), K ∈ Th}.
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Ïîä ïðèáëèæ¼ííûì ðåøåíèåì ñõåìû ìåòîäà ïðÿìûõ äëÿ çàäà÷è (13)(15) áó-
äåì ïîíèìàòü âåêòîð-óíêöèþ uh ∈ V
m
h , óäîâëåòâîðÿþùóþ ïðè ëþáîé âåêòîð-
óíêöèè η ∈ V mh èíòåãðàëüíûì òîæäåñòâàì (ñð. ñ (11), (12)):
∫
Th
∂Buh
∂t
· ηh dx+
∑
K∈Th
[
−
∫
K
n∑
i=1
A(i)uh ·
∂ηh
∂xi
dx+
+
∑
eK
∫
eK
(A◦ν)+uh · (ηh − ηh|K′) dx
]
=
∫
Th
(f − Cuh) · ηh dx, (17)
∫
Γh
(A◦ν)−uh · ηh dx = 0, ∀ ηh ∈ V
m
h , (18)
∫
Th
(uh − u0) · ηh dx = 0, ∀ ηh ∈ V
m
h , t = 0. (19)
Â òîæäåñòâå (17) äëÿ îäíîðîäíîñòè çàïèñè ïðèíÿòî, ÷òî ηh|K′ = 0 äëÿ ñòî-
ðîí eK , ÿâëÿþùèõñÿ ÷àñòüþ ãðàíèöû Γh , ïðèãðàíè÷íûõ ýëåìåíòîâ K .
Ââåä¼ì â ðàññìîòðåíèå ïîëóíîðìû â Rm :
∣∣v∣∣
Aν
=
(
|A◦ν|v·v
)1/2
è
∣∣v∣∣
A±ν
=
=
(
(A◦ν)±v·v
)1/2
. Îáîçíà÷èì ÷åðåç γ ìíîæåñòâî ñòîðîí ýëåìåíòîâ ðàçáèåíèÿ Th ,
ëåæàùèõ â îáëàñòè Ω , ñèìâîëîì [|uh|] îáîçíà÷èì ñêà÷îê óíêöèè uh âäîëü íîð-
ìàëè ê ñòîðîíå e ∈ γ .
Ñïðàâåäëèâà
Òåîðåìà 1. Ñåòî÷íàÿ ñõåìà ìåòîäà ïðÿìûõ (17)(19) óñòîé÷èâà è ñïðàâåä-
ëèâà îöåíêà
‖uh(t)‖
2
B +
t∫
0
∑
e∈γ
∫
e
∣∣[|uh|]∣∣2Aν dx dt′ +
t∫
0
∫
Γh
∣∣uh∣∣2A+ν dx dt′ ≤
≤ ect
[
‖uh(0)‖
2
B +
∫ t
0
‖f(θ)‖2B−1 dθ
]
, c > 0, t ∈ (0, T ], (20)
ãäå ‖v‖2B±1 =
∫
Th
B±1v · v dx.
Äîêàçàòåëüñòâî. Ïîëîæèì â òîæäåñòâå (17) ηh = uh :
1
2
∂
∂t
∫
Th
Buh · uh dx+
∑
K∈Th
[
−
∫
K
n∑
i=1
A(i)uh ·
∂uh
∂xi
dx+
∫
K
Cuh · uh dx+
+
∑
eK
∫
eK
(A◦ν)+uh · (uh − uh|K′) dx
]
=
∫
Th
f · uh dx−
1
2
∫
Th
∂B
∂t
uh · uh dx, (21)
Ïðåîáðàçóåì ñíà÷àëà ïåðâîå ñëàãàåìîå â êâàäðàòíûõ ñêîáêàõ â (21), ïîëüçóÿñü
ñëåäóþùèì ïðåäñòàâëåíèåì ïîäûíòåãðàëüíîãî âûðàæåíèÿ, ó÷èòûâàþùèì ñèììåò-
ðèþ ìàòðèö A(i) :
−A(i)uh ·
∂uh
∂xi
= −
1
2
∂
∂xi
(A(i)uh · uh) +
1
2
∂A(i)
∂xi
uh · uh.
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Èìååì:
−
∫
K
n∑
i=1
A(i)uh ·
∂uh
∂xi
dx =
1
2
∫
K
n∑
i=1
∂A(i)
∂xi
uh · uh dx−
∑
eK
∫
eK
1
2
(A◦ν)uh · uh dx.
Òîãäà, ïðèíèìàÿ âî âíèìàíèå ðàâåíñòâî A◦ν = (A◦ν)+ − (A◦ν)− , âòîðîå ñëà-
ãàåìîå â (21) çàïèøåì â âèäå
J =
1
2
∫
Th
n∑
i=1
∂A(i)
∂xi
uh · uh dx+
∑
K∈Th
∑
eK
∫
eK
[
1
2
(A ◦ ν)+uh · uh+
+
1
2
(A ◦ ν)−uh · uh − (A ◦ ν)
+uh · uh|K′
]
dx.
Ó÷èòûâàÿ äàëåå êðàòíîñòü âõîæäåíèÿ ñòîðîí ýëåìåíòîâ òðèàíãóëÿöèè eK , ëå-
æàùèõ â Ω , ãðàíè÷íîå óñëîâèå (18) è îòñóòñòâèå ñìåæíûõ ýëåìåíòîâ äëÿ ñòîðîí,
ëåæàùèõ íà ãðàíèöå îáëàñòè, ïîëó÷èì
J =
1
2
∫
Th
n∑
i=1
∂A(i)
∂xi
uh · uh dx+
1
2
∑
e∈γ
∫
e
∣∣[|uh|]∣∣2Aν dx+ 12
∫
Γh
∣∣uh∣∣2A+ν dx. (22)
Ïîäñòàâëÿÿ ïîëó÷åííîå äëÿ J âûðàæåíèå â (21), ïðèä¼ì ê ðàâåíñòâó
1
2
∂
∂t
∫
Th
Buh · uh dx+
1
2
∑
e∈γ
∫
e
∣∣[|uh|]∣∣2Aν dx + 12
∫
Γh
∣∣uh∣∣2A+ν dx =
=
∫
Th
f · uh dx −
1
2
∫
Th
(
∂B
∂t
+
n∑
i=1
∂A(i)
∂xi
+ 2C
)
uh · uh dx, (23)
îòêóäà, ïîëüçóÿñü íåïðåðûâíîé äèåðåíöèðóåìîñòüþ êîýèöèåíòîâ ìàòðèö B ,
C è A(i) , à òàêæå íåðàâåíñòâîì ðîíóîëëà, ïðèä¼ì ê óòâåðæäåíèþ òåîðåìû.
3. Ñåòî÷íàÿ ñõåìà ñ âåñàìè
Àïïðîêñèìèðóåì ñõåìó ìåòîäà ïðÿìûõ (11), (12) ñõåìîé ñ âåñàìè. Äëÿ ýòîãî ïî-
ñòðîèì íà îòðåçêå [0, T ] ñåòêó ω¯τ = {tj , j = 0, . . . , Nt} , ωτ = ω¯τ \ {T } . Îïðåäåëèì
ïðîñòðàíñòâî ñåòî÷íûõ óíêöèé Xh,τ ñëåäóþùèì îáðàçîì:
Xh,τ = {v(t) ∈ V
m
h , t ∈ ω¯τ}.
Ïîä ðåøåíèåì ñåòî÷íîé ñõåìû ñ âåñàìè áóäåì ïîíèìàòü ñåòî÷íóþ óíêöèþ
y ∈ Xh,τ , óäîâëåòâîðÿþùóþ òîæäåñòâàì
∫
Th
(By)t · ηh dx+
∑
K∈Th
[
−
∫
K
n∑
i=1
A(i)y(σ) ·
∂ηh
∂xi
dx+
∑
eK
∫
eK
(A◦ν)+y(σ) · (ηh−
− ηh|K′) dx
]
=
∫
Th
(f − Cy(σ)) · ηh dx, ∀ ηh ∈ V
m
h , σ ≥ 0, (24)
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∫
Γh
(A◦ν)−y · ηh dx = 0, ∀ ηh ∈ V
m
h , t ∈ ωτ , (25)
∫
Th
(y − u0) · ηh dx = 0, ∀ ηh ∈ V
m
h , t = 0. (26)
Çäåñü è äàëåå äëÿ ñðåäíèõ è ðàçíîñòíûõ îòíîøåíèé áóäåì ïîëüçîâàòüñÿ îáîçíà÷å-
íèÿìè, ïðèíÿòûìè â [9℄:
v(σ)(t) = σv(t+ τ) + (1− σ)v(t), vt(t) =
(
v(t+ τ) − v(t)
)
/τ.
Èññëåäóåì óñòîé÷èâîñòü ñåòî÷íîé ñõåìû (24)(26). Äëÿ ýòîãî îïðåäåëèì ñêà-
ëÿðíîå ïðîèçâåäåíèå â V mh îðìîé:
(v, η) =
∫
Th
v · η dx, ∀ v, η ∈ V mh .
Ñåòî÷íûå îïåðàòîðû A è B , ϕ ∈ Xh,τ , y0 ∈ V
m
h îïðåäåëèì îðìàìè
(Av, η) =
∑
K∈Th
[
−
∫
K
n∑
i=1
A(i)v·
∂ηh
∂xi
dx+
∑
eK
∫
eK
(A◦ν)+v·(ηh−ηh|K′) dx+
∫
K
Cv·ηh dx
]
,
(Bv, η) =
∫
Th
Bv · ηh dx, (ϕ, η) =
∫
Th
Bf · ηh dx,
∫
Th
(y0 − u0) · ηh dx, ∀ v, η ∈ V
m
h .
Ñõåìó (24) çàïèøåì â îïåðàòîðíîì âèäå
(By)t +Ay
(σ) = ϕ(t), t ∈ ωτ ,
y(0) = y0.
Î÷åâèäíî, îïåðàòîð B ÿâëÿåòñÿ ñàìîñîïðÿæ¼ííûì è ïîëîæèòåëüíî îïðåäåë¼í-
íûì; îïåðàòîð A , êàê ñëåäóåò èç (22) è ïðåäïîëîæåíèÿ î äèåðåíöèðóåìîñòè
ìàòðèö êîýèöèåíòîâ, ìîæåò áûòü îöåíåí ñëåäóþùèì îáðàçîì:
(Ay,y) ≥
1
2
∑
e
∫
e
∣∣[|y|]∣∣2
Aν
dx+
1
2
∫
Γh
∣∣y∣∣2
A+ν
dx − c1‖y‖
2
B, c1 > 0.
Òîãäà, ñëåäóÿ [10, ñ. 6269℄, íåòðóäíî äîêàçàòü, ÷òî ïðè çíà÷åíèÿõ âåñîâîãî
ïàðàìåòðà 1/2 ≤ σ ≤ 1 ñåòî÷íàÿ ñõåìà ñ âåñàìè (24)(26) àáñîëþòíî óñòîé÷èâà è
âåðíà îöåíêà
‖y(t)‖2B +
∑
t′∈ω¯τ
τ
∑
e
∫
e
∣∣[|y(t′)|]∣∣2
Aν
dx +
∑
t′∈ω¯τ
τ
∫
Γh
∣∣y(t′)∣∣2
A+ν
dx ≤
≤M
[
‖y(0)‖2B +
∑
t′∈ω¯τ
τ‖f(t′)‖2B−1
]
, M > 0, t ∈ ω¯τ ,
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4. Îäíîðîäíàÿ íåêîíîðìíàÿ àïïðîêñèìàöèÿ
Äëÿ ðåøåíèÿ èñõîäíîé çàäà÷è (13)(15) ìîæíî òàêæå âîñïîëüçîâàòüñÿ îäíî-
ðîäíîé ïî ïðîñòðàíñòâó è âðåìåíè ñåòî÷íîé àïïðîêñèìàöèåé, ïðåäëîæåííîé â [6℄.
Äëÿ ýòîãî ïî àíàëîãèè ñ [5,  6.3.2℄ ïîñòðîèì íà îòðåçêå [0, T ] ñåòêó ω¯τ = {tj ,
j = 0 , . . . , Nt} . Îïðåäåëèì ïðîñòðàíñòâî ñåòî÷íûõ óíêöèé Xh,τ :
Xh,τ = {v ∈ L∞[0, T ) : v ∈ Pl(tj , tj+1), v(t) ∈ V
m
h , j = 0, 1, . . . , Nt − 1}, l ≥ 0.
Ïîä ðåøåíèåì îäíîðîäíîé íåêîíîðìíîé ñåòî÷íîé ñõåìû äëÿ çàäà÷è (13)(15)
áóäåì ïîíèìàòü ñåòî÷íóþ óíêöèþ y ∈ Xh,τ , óäîâëåòâîðÿþùóþ ïðè âñåõ çíà÷å-
íèÿõ η ∈ Xh,τ òîæäåñòâàì
∫
Th
(By · ηh)
j
tˇ
dx+
1
τj
∑
K∈Th
[
−
tj+1∫
tj
∫
K
(
By ·
∂ηh
∂t
+
n∑
i=1
A(i)y ·
∂ηh
∂xi
)
dx dt+
+
∑
eK
tj+1∫
tj
∫
eK
(A◦ν)+y·(ηh−ηh|K′) dx dt
]
=
=
1
τj
tj+1∫
tj
∫
Th
(f − Cy) · ηh dx dt, j = 0, 1, . . .Nt−1, (27)
tj+1∫
tj
∫
Γh
(A◦ν)−y · ηh dx dt = 0 ∀ηh ∈ Xh,τ , (28)
∫
Th
(y − u0) · ηh dx = 0 ∀ηh ∈ V
m
h , t = 0. (29)
ãäå (v · w)j
tˇ
=
(
(v · w)|tj+1−0 − (v|tj−0 · w|tj+0)
)
/τj , τj = (tj+1 − tj) .
Îòìåòèì, ÷òî ñåòî÷íàÿ ñõåìà (27)(29) ÿâëÿåòñÿ íåÿâíîé. Ïðè l = 0 îíà ñîâïà-
äàåò ñ ÷èñòî íåÿâíîé ñåòî÷íîé ñõåìîé ñ âåñàìè (σ = 1), èçó÷åííîé â  3..
Õàðàêòåðíîé îñîáåííîñòüþ ñõåìû (27)(29) ÿâëÿåòñÿ å¼ êîíñåðâàòèâ-
íîñòü. Äåéñòâèòåëüíî, ïîëàãàÿ â òîæäåñòâå (27) ηh = τje
(s)
, s = 0, 1, . . . ,m ,
e(s) = (0, . . . , 0, 1, 0, . . . , 0) ∈ Rm (åäèíèöà  â ïîçèöèè s) è ñóììèðóÿ ïîëó÷åííûå
ðàâåíñòâà ïî j , ïðèä¼ì ê ñåòî÷íîìó àíàëîãó çàêîíà ñîõðàíåíèÿ:
∫
Th
By
∣∣∣
t−0
dx+
t∫
0
∫
Γh
(A◦ν)+y dx dt =
∫
Th
By
∣∣∣
t=0
dx+
t∫
0
∫
Th
(f −Cy) dx dt, t ∈ ω¯τ \ {0}.
Îáîçíà÷èì ÷åðåç E åäèíè÷íóþ m × m ìàòðèöó, ÷åðåç C0 = (C + C
T )/2 
ñèììåòðè÷íóþ ÷àñòü ìàòðèöû C . Ñêîáêàìè 〈| · |〉 îáîçíà÷èì ñêà÷îê óíêöèè ïî
ïåðåìåííîé t .
Âîñïîëüçîâàâøèñü ïîëó÷åííûìè â [6℄ äëÿ ýòîé ñõåìû ðåçóëüòàòàìè, ïðèä¼ì
ê ñëåäóþùåìó óòâåðæäåíèþ.
Òåîðåìà 2. Ïóñòü ïðè âñåõ (x, t) ∈ Ω¯× [0, t] âûïîëíåíî íåðàâåíñòâî
∂B
∂t
+
n∑
i=1
∂A(i)
∂xi
+ 2C0 ≥ 2c0E, c0 > 0, (30)
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òîãäà ñåòî÷íàÿ ñõåìà (27)(29) àáñîëþòíî óñòîé÷èâà è ñïðàâåäëèâà îöåíêà
‖y(tj − 0)‖
2
B +
j−1∑
i=0
∥∥〈|y|〉(ti)∥∥2B +
tj∫
0
[∑
e
∫
e
∣∣[|y(t)|]∣∣2
Aν
dx +
∫
Γh
∣∣y(t)∣∣2
A+ν
dx
]
dt+
+
c0
2
tj∫
0
‖y(t)‖2E dt ≤M
[
‖y(0)‖2B +
∫ tj
0
‖f(t)‖2E dt
]
, M > 0, j = 1, . . . , Nt.
Çàìåòèì, ÷òî óñëîâèÿ óñòîé÷èâîñòè ñõåìû (27)(29) ÿâëÿþòñÿ áîëåå æ¼ñòêè-
ìè ïî ñðàâíåíèþ ñ óñëîâèÿìè äëÿ ñõåìû ìåòîäà ïðÿìûõ è ñõåìû ñ âåñàìè. Ïðè
l > 0 óñëîâèå (30) îáåñïå÷èâàåò îäíîçíà÷íóþ ðàçðåøèìîñòü óðàâíåíèé íà êàæäîì
âðåìåííîì ñëîå.
àáîòà âûïîëíåíà ïðè èíàíñîâîé ïîääåðæêå îññèéñêîãî îíäà óíäàìåí-
òàëüíûõ èññëåäîâàíèé (ïðîåêòû  09-01-97015, 10-01-00728).
Summary
E.M. Fedotov. Nononformal Finite Element Shemes for Hyperboli Linear Systems of
Equations.
In this paper we propose a variant of nononformal nite element method of approximation
of the multidimensional linear rst order hyperboli system. The approah is used that
was suggested earlier for the salar onvetion-diusion equation, based on Galerkin Petrov
approximation for the mixed formulation of the original problem, taking into aount the
diretion of onvetion. Using this approah for the approximation of symmetri systems of
equations allows naturally to take into aount the loal diretion of the harateristis, as well
as preserve the basi properties of the spatial operator of the original problem.
Unonditional stability of the semidisrete sheme, impliit two-layer dierene shemes
with weights is proved.
Key words: linear hyperboli systems, mesh shemes, non-onformal nite element
methods, dierene shemes with weights.
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